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ABSTRACT This paper develops a framework that uses fuzzy-set theory to measure human
well-being. Fuzzy sets allow for gradual transition from one state to another while also allowing
one to incorporate rules and goals, and hence are more appropriate for measuring outcomes
that are ambiguous. Such ambiguity is an inherent characteristic of cross-country achieved
well-being assessments. This framework is used to provide a fuzzy representation of the well-
known Human Development Index (HDI) and its three components. Fuzzy HDI estimates for
14 Pacific Asian countries are provided and compared with non-fuzzy estimates. Quite large
differences in rankings emerge. The paper concludes by suggesting that fuzzy measures should
be used more widely to measure achieved well-being outcomes.
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Introduction
Well-being indicators are frequently used to compare well-being outcomes for individ-
uals or groups of individuals, including countries. Countries are often ranked in terms
of achieved well-being and can be classified as either high, medium or low well-being
achievers. Comparisons with particular benchmarks are also popular. These include
absolute poverty assessments, where the benchmark is the chosen poverty line. An
individual falling below a given benchmark is deemed to be living in poverty, some-
one falling above it is not. Yet well-being is an inherently opaque concept, a point that
scholars including Amartya Sen have long recognized (Sen, 1992). This opaqueness
means that well-being comparisons, based on traditional, commonly used measures,
are fraught with difficulty. It is not clear, for example, that someone living just below
a given poverty line, however defined, it not worse-off than someone living just above
it. Nor is it clear that the level of well-being in a country ranked, for example, tenth in
the world according to this criterion is higher than that in a country ranked fifteenth.
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Well-being outcomes are not crisp, clear and unambiguous. This recognition has fos-
tered a small but growing literature that uses fuzzy logic to construct various poverty
measures. Relevant studies include Cheli & Lemmi (1995), Cheli (1995), Chiappero
(1996, 2000), Qizilbash (2002) and Qizilbash & Clarke (2005).
Fuzzy logic has had comparatively little impact on the assessment of overall levels
of well-being, its growing popularity in poverty research assessments notwithstand-
ing. This is surprising given the widespread use of and interest in what might be
termed as overall well-being indices. Perhaps the best known measure of this type
is the United Nations Development Program (UDNP) Human Development Index
(HDI). Used to assess well-being achievement at the level of nations by combining
indicators of health, education and income, the HDI first appeared in the Human
Development Report 1990 (UNDP, 1990). HDI scores have since been published an-
nually and are now available for more than 170 countries (UNDP, 2004). The HDI has
attracted enormous interest from researchers, who have proposed many changes to
the design of the HDI. Some of these changes are relatively minor, but some involve
major and fundamental reformulations of the index.1 A fuzzy logic representation of
indices like the HDI has been given scant attention, however, despite the apparent
merit of such an exercise.
Such is the focus of the current paper. Building on previous research by Von
Furstenberg & Daniels (1991), Baliamoune (2000), Baliamoune-Lutz (2004) and
Lelli (2001), the paper provides a fuzzy logic representation of the HDI and its three
component indices for the 14 Pacific Asian countries.2 The year under consideration
is 2002. It finds that depending on the parameters used to compute membership, the
international rankings of Pacific Asian countries can change by as much as 18 positions
if a fuzzy as opposed to the UNDP representation of the HDI is used. Most Pacific
Asian countries are ranked higher internationally in terms of achieved well-being if
a fuzzy representation is used. Regional rankings change only slightly, however.
Fuzzy Well-being
The notion of fuzzy sets was conceptualized by Zadeh (1965). Zadeh defines fuzzy
sets as a class of objects with a continuum of grades of membership. Degrees of
membership or compliance with goals are commonly expressed by numbers be-
longing to the interval [0,1]. Fuzzy sets allow one to model a gradual transition
from membership to non-membership and vice versa. It is a concept that permits a
meaningful representation of ambiguous and vague objects or outcomes. Fuzzy sets
are appropriate when, for example, we examine literacy or education in a country.
What is the degree of membership of individuals with primary education or some
secondary education in the fuzzy set of ‘educated’? It cannot be zero because the
person has some education but we cannot say the individual is educated because
that would imply treating a college graduate the same way we treat a high school
drop-out.
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Against this background, we follow Baliamoune-Lutz (2004) in proposing the
following fairly common fuzzy membership function:
µ(xi ) = 11 + e−α(xi −β) (1)
where xi is some well-being index or variable observed for country i .3 The parameters
α and β can be derived as follows. Let µh be the membership degree of the highest
achievement (xh) in the well-being index. Similarly, let µl be the membership degree
of the lowest achievement (xl) in that index. From equation (1), and given µh and µl ,
we can solve for α and β.
It turns out that4
α =
ln
(
µh
1−µh
) − ln ( µl1−µl
)
xh − xl (2)
and
β =
xl ln
(
µh
1−µh
) − xh ln
(
µl
1−µl
)
ln
(
µh
1−µh
) − ln ( µl1−µl
) . (3)
It is worth noting that the parameters α and β serve to operationalize certain concepts
associated with the fuzzy membership function. The slope α represents the extent
of vagueness and β may be viewed as the identification threshold. The parameter
β ‘represents the point at which the tendency of the subject’s attitude changes from
rather positive into rather negative’ (Zimmermann, 1987, p. 205). In the present
context, taking for example education, β would represent an agreed threshold at
which a country changes from rather negative (dismal) to a rather positive (there
is hope) achievement. In the case of GDP per capita, the threshold may represent
the poverty line or any other level deemed appropriate to serve as a dividing line
between poor and adequate or satisfactory performance. One useful aspect of having
such a parameter is the ability it provides to the policymaker or researcher to conduct
sensitivity analysis when the threshold changes.
A Fuzzy HDI: Method
Our task now turns to applying the methodology outlined in the preceding section to
the HDI and its components. We first need to briefly outline the design of the HDI.
The HDI is built on a recognition of three human development dimensions: a ‘long
and healthy life’, ‘knowledge’ and ‘a decent standard of living’ (UNDP, 2004, p. 258).
It can be depicted as follows:
HDIi = w1 H1,i + w2 H2,i + w3 H3,i i = 1, . . . , n (4)
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where H1,i , H2,i and H3,i are indices of health, education and income, respectively,
in country i and w1, w2 and w3 are weights each set at one-third. These indicators
are intended to measure the respective observed achievements of country i in each of
the above-mentioned dimensions. The chosen indicators for health and income are
years of life expectancy and the logarithm of GDP per capita measured in PPP dollars,
respectively. The education index is constructed using the adult literacy rate and the
gross school enrolment rate. It may be written as follows:
H2,i = v1h2,1,i + v2h2,2,i (5)
where h2,1,i and h2,2,i are the adult literacy rate and the gross school enrolment rate,
respectively, and v1 and v2 are weights set at two thirds and one-thirds, respectively
(UNDP, 2004).
In computing HDI values the UNDP scales all component variables within the range
of 0 and 100. If country i reaches a pre-determined theoretical maximum for any one of
the indicators, its corresponding indicator value is scaled to 100. Alternatively, if that
country reaches a pre-determined theoretical minimum for any one of the indicators,
its corresponding indicator value is scaled to zero. The theoretical maxima and minima
are described by the UNDP as upper and lower ‘goalposts’, respectively. The latter are
set at ‘limits of what can be expected to be achieved within the next 30 years, while
the former are values ‘observed historically, going back about 30 years’, respectively
(UNDP, 1994, p. 92). The minimum values of life expectancy, both education variables
and PPP GDP per capita are 25 years, 0% and $100, respectively. The corresponding
maxima are 85 years, 100% and $40,000, respectively. These values have been fixed
since 1994 (UNDP, 2004). Further details of the index and its calculation can be found
at UNDP (2004, pp. 258–259).
The fuzzy representation of the HDI is obtained as follows. We initially select
membership degrees µh and µl , and then compute the parameters α and β used to
compute the three fuzzy representations of the three sub-indices of the HDI outlined
in equations (4) and (5). Two sets of membership degrees are utilized, corresponding
to two different scenarios. In the first scenario the values of µh were set at 0.9999 for
both the education and income indices and at 0.99 for the health index. The values for
the first two indices were chosen to correspond with the maximum scaled values of
these indices as they appear in the HDI, but also for computational convenience. For
the health index, the value corresponds to 99% of the maximum (scaled) value used
in the HDI. The first scenario value of µl for education was set at 0.0001. The health
and income indices were obtained by taking the ratios of the corresponding upper
and lower goalposts used by the UNDP, which are 0.294 and 0.0025, respectively. In
the second scenario the value of µh for health – 0.96 – was obtained by dividing the
highest actual life expectancy achieved internationally (81.5 years) and dividing it by
the upper goalpost for that variable. The value of µl for health – 0.38 – was obtained
by dividing the lowest actual life expectancy by that goalpost. The second scenario
172 M. Baliamoune-Lutz & M. McGillivray
values of µh and µl for the education index were set at 0.9999 and 0.16, respectively.
The second of these values is simply the lowest observed scaled value of the health
index used in the HDI. Finally, the second scenario values of µh and µl for the income
index were set at 0.99 and 0.01, the latter being the ratio of the lowest PPP GDP per
capita achieved internationally to the upper UNDP goalpost for that variable.
Having set the values of µh and µl for each of the three HDI components, for both
scenarios, we obtain values of the parameters α and β using equations (2) and (3)
above. These parameters and the HDI component indices are then combined, using
equation (1), to obtain fuzzy representations of each of the former. These indices are
denoted as H f1,i , H
f
2,i and H
f
3,i health, education and income respectively. Finally, a
fuzzy HDI is obtained in the same way as the UNDP version is obtained, as follows:
HDI fi = w1 H f1,i + w2 H f1,i + w3 H f1,i i = 1, . . . , n (6)
where the weights are set at one-third each, as in equation (4) above.
A Fuzzy HDI: Results for East Asia
The values of µh and µl and corresponding values of the parameters α and β are
reported in Table 1. They have been obtained using the HDI data reported in UNDP
(2004), which relate to the year 2002. The fuzzy representations of each of the health,
education and income indices are reported for the 14 East Asian countries in Table 2.
Fuzzy representations of the HDI for these countries are shown in Table 3.5
Our prime interest is in the fuzzy and non-fuzzy HDI values reported in Table 3.
Countries are ordered in Table 3 according to their UNDP (non-fuzzy) HDI rankings.
Japan, Hong Kong and Singapore are the top three ranked Pacifica Asian countries
according to the HDI, while Cambodia, Myanmar and Laos are the bottom three
ranked countries. A fuzzy representation of the HDI does not dramatically alter these
rankings, or among the Pacific Asia countries in general. Japan, Hong Kong and
Singapore, for instance, remain the top three ranked countries irrespective of whether
Table 1. Parameters for computing degrees of membership
HDI component µh µl α β
Health
Scenario 1
Scenario 2
0.99
0.96
0.294
0.38
7.8609
6.3235
0.4054
0.4574
Education
Scenario 1
Scenario 2
0.9999
0.9999
0.0001
0.16
18.4242
12.9402
0.5000
0.2881
Income
Scenario 1
Scenario 2
0.9999
0.99
0.0025
0.01
10.7181
9.3778
0.5613
0.5000
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one uses the UNDP HDI or the two fuzzy versions for which values are shown in
Table 3. More generally, as Table 3 shows, rankings among the Pacific Asian countries
change by no more than one position.
Quite a different picture emerges if one looks at Pacific Asian well-being achieve-
ment in a broader international context. The UNDP HDI values reported in Table 3 are
taken from UNDP (2004). These values are available for 173 countries, and the inter-
national ranks shown in Table 3 correspond to that sample. In this sample, Japan ranks
nine, while Laos is 132. This places these countries in the first and fourth quintile of
ranks, respectively. Most Pacific Asian countries are either in the first or fourth quin-
tile of UNDP HDI ranks. Using the fuzzy HDIs yields rather different ranks, however.
Ranks change by between –18 and 9 positions. The Philippines is the major loser,
with its rank dropping by 13 positions and 18 positions under fuzzy scenarios one and
two, respectively. The biggest winner under fuzzy scenario one is Myanmar and under
scenario two it is Hong Kong. The above-mentioned quintile membership, based on
UNDP HDI values, alters as a result of these changes. Korea drops from the first quin-
tile to the second, according to both fuzzy scenarios. Vietnam jumps from the fourth
to the third quintile under fuzzy scenario one. Overall, however, in most instances
international ranks of the Pacific Asian countries rise if fuzzy HDI values are used.
Conclusion
Fuzzy sets allow for gradual transition from one state to another while also allowing
one to incorporate rules and goals, and hence are more appropriate for modeling
preferences and outcomes that are ambiguous. This paper developed a framework
that uses fuzzy-set theory to measure national human well-being achievement. This
framework was applied to the very well known and widely used UNDP Human
Development Index (HDI), to construct a fuzzy representation of this index. Fuzzy
HDI values were obtained for 14 Pacific Asian countries for the year 2002. Fuzzy
HDI ranks differed from those provided by the UNDP HDI. The largest change was
a fall of 18 ranks for the Philippines. But in most cases the Pacific Asian countries
were ranked higher, internationally, according to fuzzy HDIs than to the UNDP HDI.
This paper should be seen as an exploratory one. One of its underlying objectives
was to establish whether a fuzzy representation of a widely used index such as the
HDI actually matters in practice. This is why the paper compared country ranks
based on fuzzy representations of the HDI to those based on the UNDP HDI. Based
on the findings reported in the paper, it would appear that fuzziness does actually
matter in measuring achieved well-being outcomes given the differences in ranks
observed. This adds weight to the view that preferences and choices underlying both
objective and subjective indicators of well-being are, in essence, broad and vague;
and that such vagueness can have major implications for how one assesses achieved
well-being. Further development and application of fuzzy well-being measures would
therefore appear warranted.
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Notes
1. Relevant studies include McGillivray & White (1993), Ogwang (1994), Hicks (1997), Ivanova et al.
(1998), Noorbakhsh (1998a, 1998b), Sagar & Najam (1998), Anand & Sen (2000), Neumayer (2001)
and Morse (2003).
2. For the purposes of this paper, Pacific Asia comprises the countries belonging to the Southeast and
Northeast Asian regions that have a Pacific Ocean border, plus Myanmar and Laos. The People’s
Democratic Republic of Korea, Macau and Timor-Leste are excluded, purely due to the unavailability
of data.
3. We are trying to determine the degree of achievement, given a certain (defined) standard or goal. Thus,
the distance between the achievement and the goal becomes an indicator of the extent of the success in
meeting the target (achievement or underachievement). If d(x) = 0, there is full membership (µ(xi ) = 1).
If d(x)> 0, then µ(xi )<1. So that we can write µ as:
µ(xi ) = 11 + d(xi )
Noting that, in general, the relationship between physical objects and perceptions takes an exponential
form (see Zimmermann, 1987), d(x) can be expressed as: d(x) = e−α(xi −β), so that
µ(xi ) = 11 + e−α(xi −β)
4. From equation (1) it follows that:
ln
( µ
1 − µ
)
= α(xi − β)
5. Fuzzy HDIs were also computed for an additional 159 countries. Results are available on request from
the authors.
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